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ABSTRACT

A three-way relationship is derived between the size of a library (M years) of historical
atmospheric data, the distance between an arbitrarily picked state of the atmosphere and its
nearest neighbor (or analogue), and the size of the spatial domain, as measured by the number
of spatial degrees of freedom (N). It is found that it would take a library of order 10* years to
find 2 observed flows that match to within current observational error over a large area such as
the Northern Hemisphere. Obviously, with only 10-100 years of data, the probability of finding
natural analogous is very small, unless one is satisfied with analogy over small areas or in just
2 of 3 degrees of freedom as represented, for instance, by 2 or 3 leading empirical orthogonal
modes. We further propose the notion that analogues can be constructed by combining a
number of observed flow patterns. We have found at least one application where linearly con-
structed analogues are conclusively better at specifying US surface weather from concurrent
700 mb geopotential height than natural analogues are.

1. Introduction

It has long been assumed that if 2 observed
atmospheric states are very close initially they will
remain close for some time to follow. This intuitive
assumption has two aspects that need to be dis-
tinguished, one diagnostic and one prognostic.
The analogue diagnostic aspect is concerned with
identifying atmospheric states that are so close
that they can be called each others’ analogue.

The identification of analogues is a classical
theme in meteorology. With some emphasis we
invite the reader not to associate the word
analogue with forecasting exclusively. To our
knowledge there appear to be at least 6 areas of
interest where the concept of analogues is relevant
or even applied in practice. They are (one reference
per area added): (1) short-range forecasting
through analogues (Shabbar and Knox, 1986),
(2) specification of surface weather through anal-
ogues to a prognostic upper level map (Kruizinga
and Murphy, 1983), (3) long-range forecasting
through analogues (Barnett and Preisendorfer,
1978), (4) estimation of atmospheric predictability
(Lorenz, 1969), (5) estimates of the dimension of

atmospheric phase space (Fraedrich, 1986) and (6)
cluster analysis (Wallace et al., 1991).

A very major problem in meteorological prac-
tice is that there are, diagnostically, no very
good analogues to begin with (Lorenz, 1969;
Gutzler and Shukla, 1984; Shabbarand Knox, 1986;
Ruosteenoja, 1988; Toth, 1991a). This is generally
attributed to the short historical record of observa-
tions (order 10-100 years) which makes it highly
unlikely to find two matching atmospheric states
over the entire globe given the large variety of
atmospheric flow.

As an illustration of the problem of finding a
good analogue, a fresh example is given in Fig. 1.
For each of the 61 days between 16 June 1990 and
15 August 1990 we searched a library to find the
nearest neighbor in terms of root-mean-square
difference in global 00GMT 500 mb geopotential
height on a 2.5 x 2.5 degree grid. The library con-
sists of 00GMT 500 mb geopotential height for the
same dates in the non-matching years 1987, 88,
89, 91 and 92. For each base date one of the 305
(5 x 61) candidates is the nearest. The distance to
the nearest neighbor (DNN) is plotted in Fig. 1 as
a function of time. Typically the DNN is 80 to
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Fig. 1. The RMS distance of the 500 mb geopotential height field on the base data (1-61; 16 June-15 August 1990)
to the nearest neighbor in a 5-year library. Thinner dashed curve is the distance to the climate mean. Units gpm.

The domain is global.

110 gpm, which is far too large to be called
analogous. The lighter dashed curve in Fig. 1
represents the distance of the base to the climate
mean, or the anomaly magnitude (AM). Indeed,
with only a few years of data, and a large domain,
it is hard to find an analogue to within a small dis-
tance (15 gpm say). On most days, we cannot find
a neighbor to within the distance of the base to the
climate mean (about 90 gpm on average; this is the
space-time ensemble averaged standard devia-
tion). Hence, the climate mean, rather than a real
observed flow, is often the “best” analogue on
this large domain. The base for which we find
the smallest DNN (about 80 gpm) happens to be
2 August 1990 (case #48). Note also that DNN
and AM are somewhat correlated, particularly in
the first month. This is to be expected on finite
libraries because as we approach the mean (small
AM) the higher probability density tends to make
DNN smaller too (Van den Dool, 1989; Toth,
1991b).

The criterion for a truly good analogue is a bit
arbitrary at this point and depends on the appli-
cation. For forecasts based on analogues to be
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competitive to day-to-day numerical weather fore-
casting the initial error, ie., the DNN, would
have to be less than 15 gpm for the 500 mb height
field, with simultaneous close matching in other
variables and levels too. Clearly natural analogues
are nowhere near such accurate initial matching.

Figs. 2, 3 are the same as Fig. 1, but now for
progressively smaller areas, i.e., the extratropical
Northern Hemisphere (20-90N) and Eastern
North  America/Western  Atlantic  (30-50N,
50-70 W) respectively. Over a small enough area
one can find reasonably good analogues (DNN <
40 gpm) for almost every base.

The purpose of this manuscript is first of all to
present a method that enables us to estimate how
many years of data it would take to have a certain
level of confidence in finding an analogue of a
certain desired quality (read small DNN) over an
area of a certain size. By size, wo do not mean
X km?, but rather a dynamical size best expressed
by the number of spatial degrees of freedom. The
method is outlined in Section 2, and the results are
presented in Section 3. Essentially, the result is a
three-way relationship between the library size
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Fig. 2. As Fig. 1, but now for the extratropical Northern hemisphere (20-90N) domain.
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Fig. 3. As Fig. 1, but now for an area over Eastern North America and the West Atlantic (30-50N, S0-70W).
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(M), the number of spatial degrees of freedom (N)
and the desired accuracy of matching (g). The
~outcome, no surprise, is that we need to wait
very many years, order 10 if we want an
accurate match over a large area.

We proceed in Section 4 by discussing the best
ways to use a short data set. With current libraries
of 10-100 years we can find a good match in only
2 or 3 spatial degrees of freedom. We will also
(re)interpret some earlier papers on analogues in
the literature from this point of view. Clearly, the
best way of spending 2 degrees of freedom depends
on the intended application.

Finally, in Section 5 we present a possibility to
shorten the waiting time. The idea developed here
is to construct an analogue of a desired quality by
combining a set of atmospheric states observed in
the past. For at least one of the 6 applications
listed above (#2: specification) this idea appears
to have merit.

2. How long? Method

We can pose the problem of finding an analogue
as follows: Given a library of M years, how large
must M be to have a 95% probability to find a
match in the library that resembles any randomly
selected base case to within a desired tolerance? In
the discussion below the base case is simply a
500 mb height map (todays or any other), but the
reasoning can be readily applied to multilevel data,
including boundary conditions.

The answer is derived as follows. The chance of
two randomly chosen extratropical 500 mb height
fields to be within tolerance ¢ depends on 3 factors.
One is the natural variability of height, represented
here, for simplicity, by a single standard deviation
(sd). The second is the number of spatial degrees of
freedom (N) that characterizes 500 mb height,
while the third is the tolerance ¢ itself. In the
calculation below, we will take sd =90 gpm (see
Fig. 1 or Fig. 2). N is at least 20 for the extratropi-
cal Northern Hemisphere (Van den Dool and
Chervin, 1986; Wallace et al., 1991) but probably
less than 35, so we will tabulate M for various
values of N in that range, and for ¢ we take 15 and
7.5 gpm, the latter thought to be a low estimate of
the current observational/analysis error in 500 mb
height in densely observed areas.

Additional assumptions of varying degree of
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importance have to be made as we go along. For
instance, considering day-to-day autocorrelation,
we assume that in any given year there are only 20
independent cases inside a 2-month-window in
time centered around the date of the base case.
Rather importantly we assume 500 mb height to
behave like a multi-normal probability distribu-
tion with N dimensions in phase space (Toth,
1991b).

The chance () that two arbitrarily chosen states
are to within ¢ at a single point in physical space is
given by

&/sd’
a=f P(y)dy, (1)

—egfsd’

where P(y) is the standardized Gaussian probabil-
ity density function of height differences (zero
mean, standard deviation sd’ = sd* 2'/?). Consult-
ing standard tables we estimate a = 0.08 (0.04) for
e=15 (7.5) gpm. This means, for instance, that
there is an 8 % chance that 2 arbitrarily chosen
maps agree to within 15 gpm at the prechosen
point of interest. Under those circumstances, one
does not have to wait very long in order to be prac-
tically sure of finding an analogue. (We leave
aside here whether or not it is of any practical
significance to have an analogue at one point.)

Eq. (1) is “global” in the sense that we have
implicitly integrated over all possible base cases.
Therefore « does not depend on, for instance, the
distance of a particular base case to the climate
mean, a complication we want to avoid here.
(Close to the mean it is often easier to find good
analogues (see Fig. 1 for evidence), simply because
the probability density is locally high there, com-
pared to the extremes of the distribution where the
points in phase space (ie., observed flows) are
farther apart.)

We are equating one spatial degree of freedom
to one point in physical space where heights vary
according to a Gaussian process, and look upon N
degrees of freedom as N such processes going on
independently from each other at N points in
physical space. The chance that two arbitrarily
chosen states are within ¢ al all N points is then
given by a”. Here, we have assumed that all
dimensions have the same standard deviation,
stmilar to Wallace et al. (1991) in their discussion
of the linear paradigm. (Identification of N points
in physical space where independent Gaussian
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processes with identical standard deviation go
on is not trivial and may be impossible. Some
readers may prefer to think in terms of N empirical
orthogonal functions (EOF). Likewise it is
non-trivial to calculate equal variance EOFs.)

The chance (¢) of finding an analogue can hence
be written

c=1—(1—aM)?0x¥™ (2)

Demanding ¢ > 0.95, we can solve for M from

In(0.05) _ In(0.05)
20xIn(1—a") "~ 20 x (a¥)

(3)

{where the number 20 is the number of independ-
ent cases in time in the 2-month window). The final
assumption underlying (3) is that we have a
constant climate during M years.

With (3), we can answer the question how big a
library it takes to have a 95% chance to can find
a match to the base that agrees to within ¢ («
implied) at all N points simultaneously. Note that
demanding two states to be within ¢ at all N points
is a more strict criterion than requiring the root-
mean-square-difference (RMSD) of 2 states to be
less than &. Therefore DNN in Figs. 1-2 does not
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precisely have the meaning of ¢ and they are
numerically different, DNN being the smaller of
the two.

3. How long? Result

The left hand of Table 1 shows values of M for
2 entries of « and 4 entries of N. Typically M = 10%
years, obviously with an uncertainty of several
orders of magnitude given that many of our
assumptions are not quite valid. That uncertainty
hardly impacts the conclusion that M is very very
large. This conclusion was also reached by Lorenz
(1969), although he gave no number for M.
It appears that Ruosteenoja (1988) obtained
M =10% years (not explicitly mentioned in his
paper, but kindly supplied) by extrapolating a
transformed frequency distribution of RMSD’s
very far into the low values (15 gpm say). The
lowest RMSD ever observed in winter is only
a poor 65gpm for the extratropical Northern
Hemisphere (Ruosteenoja, 1988).

Eq. (3) provides a threeway relationship
between o and M (i.e., the smallest M required),
and N, for given probability level ¢ = 0.95 (which
we keep constant). Fig. 4 shows plots of « versus M

alpha

[
o
~

epsilon

[=))
(=2}

Fig. 4. The chance « as a function of L for 4 values of N. On the right-hand, « has been converted to ¢ (units gpm).
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Table 1. Minimum size of the library needed to find
an analogue

«\N 20 25 30 35 2 3

0.042 107 103 104 10* 94 2344
0.084 10* 102 10* 10¥7 23 293
0.168 7 44

Given is M in years calculated by eq. (3) as a function
of spatial degrees of freedom (N =20, ..., 35) and obser-
vational error (for ¢=15gpm, a=0.08; for ¢=7.5,
x=0.04). For N=2 and 3 we added a=0.17 (¢=
30 gpm) which approximately corresponds to the RMSD
in Van den Dool’s (1989) study on limited area
analogues.

for N=2, 20, 35, and 200. For simplicity we have
rescaled the horizontal axis by M = 10%, so as to
plot against linear L. Along the vertical axis we
have linear a (left) and ¢ (right), the latter being
calculated from standard tables for the Gaussian
distribution using sd = 90. Fig. 4 shows how the
quality of analogues (i.e., the tolerance ¢) depends
on M (or L) and on N. For all N, « and ¢ decrease
as M increases.

How does Fig. 4 compare to Figs. 1-3? For
instance in Fig. 2 (Northern Hemisphere) DNN is
plotted for M =5 (round off to L=1!). We think
sd =90 gpm and N =20 apply here. According to
Fig.4 one cannot, under these circumstances
count on finding analogues better than about ¢ =
160 gpm at all points simultaneously, which is very
poor indeed. As shown in Fig. 2 the DNN is about
80 gpm. A RMSD of 80 gpm implies discrepancies
in excess of 80 gpm at some of the N points. We
suspect ¢ and DNN are proportional and since
it is arbitrary to demand a ¢=95% chance (the
In(0.05) factor in (3)), one could tune c downward
to make DNN and ¢ numerically comparable.

4. Use of short libraries

Current libraries are only 10-100 years. We can
therefore accommodate only a few degrees of
freedom. How few? On the right in Table 1 we
added the M calculated from (3) for N=2 and 3
and added an entry for the DNN (30 gpm) reported
in Van den Dool (1989) who sought analogues for
500 mb heights on a circular area over North
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America (radius 900 km). In Fig.3 we showed
similarly small DNN, but now for summer. From
Table 1, it appears we can match slightly over 2
degrees of freedom with current libraries at a
tolerance of 30 gpm. What are the most profitable
degrees of freedom to be matched? While Van den
Dool (1989) matched height fields over small areas
one could also match two remote centers of
action, or the coefficients of two leading empirical
orthogonal functions (EOF) over some domain.
The advantage of small areas is that for short lead
times, time-tendencies, to first order, are deter-
mined locally, hence making a discussion of time
evolution aspects feasible (Van den Dool, 1991).
With EOF’s this forecast aspect is not clear.

It depends obviously on the application, how
one wants to spend 2 degrees of freedom.
Kruizinga and Murphy (1983) and Vislocky and
Young (1989) have sought analogues on limited
areas with the purpose of specifying surface
weather given an upper level prognostic chart.
This has been, by far, the most successful practical
application of analogues. Many good analogues
can be found on a small area (i.e., N is small) with
current libraries which allows an ensemble average
as well as a probability specification of surface
weather, i.e., proper representation of uncertainty.
The success of analogues in specification is remark-
able also because other competitive methods for
specification, i.e., linear multiple regression (see
Klein and Bloom (1987)), are available.

The third application discussed in the literature
is long-range (month/season) forecasting, where
analogues are sought on time-mean flow, the
Southern Oscillation Index, sea-surface tem-
peratures in certain areas, etc., with the purpose of
making a forecast for a subsequent time-mean
(Barnett and Preisendorfer, 1978; Harnack et al.,
1985; Shabbar and Knox, 1986; Van den Dool,
1987; Livezey and Barnston, 1988; Barnston and
Livezey, 1989). This has not been a great success,
although for lack of truly superior competitors
analogues may still be used in long-range weather
forecasting. No great success can be expected
because although time-averaging (in combination
with other filters) lowers N, it does not lower it
enough, at least not in the publications referred to.
Also, there is no firm dynamical basis for the hope
that similar time-means are followed by similar
subsequent developments; in fact it is easy to show
that this need not be the case. The true challenge is
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to identify a small number of degrees of freedom
that are relevant to the forecast in the area of
interest.

The search for analogues has a very special
meaning in meteorology because of its long and
somewhat troublesome tradition in forecasting.
However, searching for the nearest neighbor in
phase space has taken on a new meaning recently
with the advance of understanding deterministic
chaos and dynamical systems (Fraedrich, 1986;
Tsonis and Elsner, 1989). The estimation of the
dimension of the phase space involves knowing the
frequency distribution of distances between pairs,
and in one estimate of the dimension, the limit for
distance (essentially our ¢} going to zero is taken.
Accurate determination of this limit requires an
enormous number of realizations (our M) unless
the dimension (related to our N) is quite small
(2 or so).

The ability to find high quality analogues is of
relevance also to cluster analysis. This point was
made rather explicit by Wallace et al. (1991), who
used a cluster analysis method that starts off by
finding the nearest neighbor in root-mean-square
sense. In the absence of any true analogues, cluster
analysis can hardly be expected to be a success.
Indeed points are far apart in the multidimensional
phase space with only 10-100 years of data.
Perhaps cluster analysis should only be done on
smaller regions (small N), so that clusters, if they
exist, have a chance to be found.

5. Constructing an analogue

Is it really necessary to wait so long? Natural
analogues being so impossible to find, we will
now try to construct an analogue having greater
similarity than the best natural analogue. In
essence a construction is a mathematical combina-
tion of observed flows such that the combination is
as close as possible to the base. Here, we will
consider linear combinations only, thus limiting
the further use of these constructed analogues to
those applications where linearity is not a major
obstacle. It has been shown (Klein, 1983) that
linear regression equations are fairly successful
in specifying US monthly surface weather from
700 mb height. Our specific task then is to show
that constructed analogues can do a better job at
specifying surface weather than natural analogues
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(such as they are) can do, everything else being the
same. (In doing so, we do not claim that construc-
ted analogues are the best method to specify
surface weather compared to all other methods
imaginable.)

The data sets used are calendar means for
1950-91 for each of the 12 months. Upper level
data is 700 mb height north of 20°N. Surface data
is temperature and precipitation amount at 344
United States Climate Divisions.

For natural analogues the procedure is as
follows. For any given base, say January 1967, we
seek the nearest 10 other Januaries in terms of
RMS distance of their height field to the January
1967 height field. The surface weather observed
in these 10 nearest years is then averaged with
equal weights and verified against the weather
observed in January 1967. This is done for all bases
exhaustively, and for all months.

We next proceed with construction as follows.
For any given base, say January 1967, a linear
combination is made of 41 January anomaly
height fields (1950-91, 67 exclusive), so as to
match the 1967 height field as closely as possible.
This is done by classical least-squares minimiza-
tion. (See appendix for some mathematical detail).
For each base, we invert a 41 x41 covariance
matrix. The numerical stability of the resulting
weights (for instance one would get —0.08 x Jan.
1950 + 0.16 x Jan. 1951 --- —0.34 x Jan. 1991) has
been improved by artificially enhancing the
diagonal elements of the covariance matrix using a
method described by Meissner (1979). The same
weights are then applied to put together a surface
weather specification, which is then verified
against observations in 1967. This is done for all
bases and months. (More details about the
construction process will be discussed elsewhere.)

Fig. 5 shows the verification for all months of
the specification of US surface weather by the
average of 10 natural analogues (the pluses), and
by a single constructed analogue (the asterisks).
The verification measure we use is the temporal
correlation coefficient based on 42 entries (one for
each month in the 1950-91 period). In Fig. 5 the
correlation coefficient is averaged over all 344
Climate Divisions. The main message is that both
for temperature and precipitation the constructed
analogue scores about 10% higher in each and
every month of the year. Not shown is that the
similarity in terms of the height field is better than
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skill of specifying US Temperature
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Fig. 5. The correlation between observed and specified temperature (top) and precipitation (bottom). Results are
based on 42 years and averaged over all 344 Climate Divisions. Plusses are for 10 natural analogues averaged, the
asterisk for the constructed analogue.
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Fig. 6. Maps of the temporal correlation between observed and specified temperature over the US in January
1950-91. Upper map is for the constructed analogue, the lower for the average of 10 natural analogues. No shading

for correlation less than 0.40, light stippling for correlation between 0.40 and 0.70, and heavy stippling for correlation
in excess of 0.70.
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0.90 in almost all cases, natural analogues rarely
exceed 0.70.

Fig. 6 gives the spatial distribution of the
correlation for the two methods over the US in
January. At each point the correlation is based on
42 specified versus 42 observed values. As in Fig. 5
the main message is that constructed analogues are
cohsiderab]y better, turning areas with almost no
skill (New England, natural analogues) into 0.5
correlation areas upon using the constructed
analogue. Areas in excess of 0.7 correlation cover a
much larger part of the nation wen construction is
used.

6. Conclusion and discussion

We have shown that it is highly improbable that
truly good multi-level multi-variate global natural
analogues will be found during our lifetime. With
a fair bit of assumptions one can derive a three-
way relationship relating the size of the library
(M), the number of spatial degrees of freedom (N)
and the desired closeness of analogues. This
allowed us to estimate that it would take order
10%° years to find analogues that match over the
entire Northern Hemisphere 500 mb height field to
within current observational error.

We have also shown conclusively that,
everything else being the same, constructed
analogues outperform natural analogues in speci-
fying monthly surface weather over the US from
monthly 700 mb height over the NH north of
20°N. This result is obtained because (a) con-
structed analogues are much closer matches to the
base than any natural analogue will be in the next
1000+ years, and (b) the specification arena is one
application where it is not terribly detrimental for
the constructed analogue to be put together
linearly.

It would be a particular (perhaps impossible)
challenge to construct an analogue which leaves
the forecast aspects intact. This would likely
involve a non-linear combination, because in order
to make both initial conditions and the time
derivative similar one has to match also non-linear
advection terms. Constructing an analogue is an
outgrowth of the idea that antilogues or mirror
images can be used (Harnack et al., 1985; Van den
Dool, 1987; Barnston and Livezey, 1989; Van den
Dool, 1991), for as long as tendencies behave
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linearly. To the extent that methods of long-range
forecasting of say seasonal averages is linear,
constructed analogues should be competitive to
other linear forecast methods.
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8. Appendix

The method of construction is presented here for
the sake of brevity for 2 participating years only,
but can be extended to any number of years. Given
the height field in the base month, January 1967
for example, denoted by Z(j,), two Januaries in
other years (j,, j,) are taken. The constructed
analogue (expressed in terms of anomalies) is
given by

Z (o) =01 Z(j1) + %2 Z(j,),

where the alphas are to be determined by minimiz-
ing the distance between Z, and Z(j,). This is
done by a least squares fit over the domain north
of 20°N using standard matrix inversion as in
multiple linear regression. We thus solve the
matrix problem

Z Z(j\) Z(j1) Z Z(j)) Z(j2) \[
Y. Z(j2) Z(U1) Y Z(j2) Z(j2) )\ 22

(260206
Y Z(jy) Z() |

where the summation is over space. In the
construction one could combine for example
January 1953 and 1971 to construct an analogue
to January 1967. The surface weather is then
constructed in the same way, using the alphas that
were derived from the height only.

It is extremely important to note that anomalies
in the above are taken relative to a climate average
not including the base year, so as to avoid the error
noted in Van den Dool (1987).
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